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Abstract. The Svenonius theorem describes the (first-order) definability in
a structure in terms of permutations preserving the relations of elementary
extensions of the structure. In the present paper we prove a version of this
theorem using permutations of sequences over the original structure (these are
permutations of sequences of tuples of the structure elements as well). We say
that such a permutation ϕ almost preserves a relation if for every sequence
of its arguments the value of the relation on an n-th element of the sequence
and on its image under ϕ coincide for almost all numbers n. We prove that
a relation is definable in a structure iff the relation is almost preserved by all
permutations almost preserving the relations of the structure. This version
limits consideration to the original structure only and does not refer to any
logical notion, such as “elementary equivalence”.
Keywords: definability, the Svenonius theorem, definability spaces, reducts,
automorphisms
1. Introduction 1
Starting in the XIX century the question: “How to define something through
something?” was considered as a major logical problem. From the very beginning
the idea of automorphisms was associated with the problem. The theorem of Sveno-
nius of 1959 plays the role of the Go¨del completeness theorem for completeness of
definability. Recent results give more evidence to this view. An elaborated survey
can be found in [5].
The Svenonius theorem (its original version was published in [6]) states that
un-definability of a relation R in a given structure can be demonstrated always
by presenting a permutation of a structure elementarily equivalent to the given
structure. The permutation should preserve the relations of the structure and not
preserve the relation R and this implies un-definability of the relation. Svenonius
(and we as well) uses term permutation not automorphism to escape ambiguity
when considering multiple sets of relations on the common universe. Let us note
that the property of elementary equivalence in the formulation of the theorem
involves logic.
1This work is supported by the Russian Science Foundation under grant 14-50-00005 with do-
nation of Moscow State University of Education and performed in Steklov Mathematical Institute
of Russian Academy of Sciences.
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We propose to use for the same purposes permutations on the set of all sequenses
of elements of the original structure and introdue a notion of “almost preserve”. So,
we eliminate the need to consider arbitrary structures and elementary equivalence
and prove our version of the Svenonius theorem.
We start with existing formulations and a one-page proof of the classical theorem
of Svenonius. Then we introduce our main concept of permutation almost preserv-
ing a relation, prove that it “fits to” definability. Finally, we prove our version of
the Svenonius theorem based on this concept.
The result was announced in [5].
Acknowledgments
The authors are thankful to Prof. Vladimir Uspensky for his inspiration in math-
ematical research, to the referees for helpful valuable suggestions, and to Yuri Bo-
ravlev for technical assistance.
2. Basic definitions
Let us start with a precise notion of definability. Let S be a set of relations on
a universe A and R be a relation on A. To define the relation R in S and a logical
language L means:
(1) to give names to some relations from S and
(2) to write a formula that defines R (on A) in the language L using the given
names as extra-logical symbols.
In this paper L will be the first-order logic with equality.
The (definability) closure of a set of relations S is the extension of it with all
relations definable in S. This operation is a closure operation in the usual topolog-
ical or algebraic sense. Closed sets of relations we call definability spaces, the set S
is a base of the definability closure of S.
We consider countable universes, and countable or finite sets of relations. We
call a definability space countable if it is countable or finite as a set and its universe
is countable. We assume the Axiom of Choice in our considerations.
Remark. Our definitions of definability space and other notions are ”coordinate-
free”, ”invariant” in a sense similar to invariance of notions for linear spaces, ab-
stract algebras, etc. In our case we have properties invariant under the change of
names for relations.
We use following notations: Dom(f), Im(f) are the domain and the image of a
mapping f, we denote by x tuples of variables, by a tuples of elements of A, etc.
We denote by Sym(A) the set of all permutations of A. A permutation ϕ of
A preserves a relation R iff R(a) ≡ R(ϕ(a)) for all a from A. A permutation
preserves a set of relations S if it preserves all relations from S, and a collection of
permutations F preserves S if every permutation from F preserves S.
With every set of relations S on A we can associate the group GS ⊆ Sym(A) of
all permutations of the set A preserving S. It is obvious, that
S1 ⊆ S2 ⇒ GS1 ⊇ GS2
but usually we cannot recover a definability space from the corresponding subgroup
of Sym(A).
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Up to now we used names for relations implicitly. A more standard way is to
consider structures: 〈A,Σ, v〉, where A is a universe, Σ is the set of symbols of an
alphabet (finite or countable in our case), and v is a value (interpretation) i. e. a
function that maps each symbol from Σ into a relation over A. Often the mapping
v is omitted. In our consideration we do this as well.
Let M = 〈A,Σ, v〉 be a structure. By tpΣ(b/X) we denote the complete type in
the signature Σ of a tuple b ∈ A over a set X i. e. the set of all formulas ψ(x, a)
such that
M  ψ(b, a), a ∈ X.
3. The Svenonius theorem
Svenonius formulated in [6] his classical theorem as follows:
Theorem A. Let S be any elementary system with the predicate constants R, Q,
T1, T2, . . . , such that no disjunction of explicit definitions of Q in terms of R is
provable in S. Then there is a model M of S with a permutation Φ which preserves
R but not Q.
The Svenonius theorem can be formulated in a “less syntactical” way than the
original one (see the Corollary 10.5.2 in [3]).
Theorem B. Let Σ be a signature, R a symbol, 〈A,Σ ∪ {R}, v〉 a structure. If
the relation v(R) is not definable in 〈A,Σ, v〉 then for every structure 〈A,Σ′, v′〉,
Σ′ ⊇ Σ∪{R} there exists a structure 〈B,Σ′, w〉 elementary equivalent to 〈A,Σ′, v′〉
and a permutation of B that preserves w(Σ) and does not preserve w(R).
Remark. Note, that both in the formulations of Theorem A and Theorem B
three spaces occur: a definability space generated by Σ, its extension with a relation
and further extension with more relations. It is not a superfluous generalization of
a more simple formulation of the Corollary (see below). In fact, we can have a large
space generated by Σ′ and its subspace generated by Σ, and want to know does R
extend Σ properly. In the situation we have so called reducts, for example, reducts
of 〈Q, >〉 (see [4]). Here Σ′ = {>}. Proofs in this situation use the structure of
〈Q, >〉 and > plays the role of Σ′.
Proof of Theorem B. Let the relation v(R) be not definable in 〈A,Σ, v〉.We shall
construct (by using back-and-forth argument) a countable chain
M 4M0 4 · · · 4Mi 4 . . .
of Mi = 〈Ai,Σ
′, vi〉 – countable elementary extensions of M and
ϕ0 ⊆ ϕ1 ⊆ · · · ⊆ ϕi ⊆ . . .
of finite partial mappings ϕi : Ai → Ai. Then we shall take B =
⋃
iAi, w =
⋃
i vi,
ϕ =
⋃
i ϕi and prove that ϕ is a required permutation. We enumerate the countable
set
⋃
iAi beforehand.
Let us denote Σ ∪ {R} by Σ∗.
First of all, let us consider the type
{R(x) 6≡ R(y)} ∪
Q(x) ≡ Q(y)
∣∣∣∣∣∣∣
for all formulas Q in
the signature Σ with
the same number of
arguments as R
 .
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By the compactness theorem this type is consistent, otherwise the relation R
would be definable through a finite collection of Q. So there is an elementary ex-
tension M0 of the structure M and a tuple a, b ∈M0 which realizes this type. We
set ϕ0(a) = b.
We have
tpΣ∗
(
Dom(ϕ0)/∅
)
= tpΣ∗
(
Im(ϕ0)/∅
)
and will prove that
tpΣ∗
(
Dom(ϕi)/∅
)
= tpΣ∗
(
Im(ϕi)/∅
)
by induction. Note that ϕ0 does not preserve R, so
⋃
i ϕi does not preserve R as
well.
On even steps i > 0 we take the first item a in Ai that is not included in the
domain of ϕi. Then we choose an elementary extension Mi+1 of Mi such that
tpΣ∗
(
a/Dom(ϕi)
)
= tpΣ∗
(
b/Im(ϕi)
)
for some b ∈ Ai+1. (Note that by definition of type, equalities belong to the types
and so b is different from elements in the image of the partial mapping.) Finally,
we set
ϕi+1 = ϕi ∪ {〈a, b〉}.
On odd steps i we take the first item b ∈ Ai that is not in the image of ϕi. Then
we choose an elementary extension Mi+1 of Mi such that
tpΣ∗
(
a/Dom(ϕi)
)
= tpΣ∗
(
b/Im(ϕi)
)
for some a ∈Mi+1. (Note that a is not included in the domain of the current partial
automorphism.) Now we set
ϕi+1 = ϕi ∪ {〈a, b〉}.
So, for all i the partial mapping ϕi+1 preserves all relations from S and
tpΣ∗
(
Dom(ϕi+1)/∅
)
= tpΣ∗
(
Im(ϕi+1)/∅
)
.
Now it is easy to see that
⋃
iMi,
⋃
i ϕi are the needed elementary extension
and (total) permutation. ✷
In the case Σ′ = Σ ∪ {R} we have a simplified version of the theorem.
Corollary. Let Σ be a signature, R a symbol, 〈A,Σ ∪ {R}, v〉 a structure. If the
relation v(R) is not definable in 〈A,Σ, v〉 then there exists a structure 〈B,Σ∪{R}, w〉
elementary equivalent to it and a permutation of B that preserves w(Σ) and does
not preserve w(R).
The Svenonius theorem in its last formulation above (Theorem B) reduces the
question of the first-order (un-)definability to a question about automorphisms of
structures elementarily equivalent to the original one. So, indirectly it refers to
first-order logic again. The notion of elementary equivalence can be characterized
in terms of Ehrenfeucht – Fra¨ısse´ games (e. g. [3]) or according to a well-known
result of Keisler and Shelah in terms of ultrapowers (e. g. [2]). So the Svenonius
theorem allows us to describe the first-order definability in “combinatorial” terms
of games or ultrapowers and permutations. We propose a more direct and simple
construction to eliminate logic and produce a combinatorial form of the Svenonius
theorem.
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4. The main result
Let A be a countable universe, N – the set of all natural numbers. By F we
denote the set of everywhere defined functions f : N → A i. e. AN (the set of all
infinite sequences over A). If P is an n-ary relation on A and ϕ is a (partial)
mapping F → F then we say that ϕ almost preserves P if{
i | P
(
f1(i), . . . , fn(i)
)
6≡ P
(
ϕ(f1)(i), . . . , ϕ(fn)(i)
)}
is finite for each f1, . . . , fn in Dom(ϕ). We say that ϕ almost preserves a de-
finability space S if it almost preserves every P in S. A permutation ϕ which
almost preserves a definability space can be called “ultimate automorphisms”. The
following statement justifies our concept of almost preservation in the context of
definability.
Statement 1. Let S be a countable set of relations on A, and suppose that R
is definable in S. Then every permutation of AN that almost preserves S almost
preserves R.
Proof. Let ϕ be a permutation on F , and suppose that ϕ almost preserves all
relations from S, and for some f1, . . . , fn in F the set
V =
{
i | R
(
f1(i), . . . , fn(i)
)
6≡ R
(
ϕ(f1)(i), . . . , ϕ(fn)(i)
)}
is infinite.
Let U be a nonprincipal ultrafilter on N with V ∈ U . Let M be the structure
with universe A, set of names S and the given values for S. Let H be the ultrapower∏
U M where U is a nonprincipal ultrafilter on N, V ∈ U . For a ∈ F we denote by
a˜ the equivalence class of {
f | {i | f(i) = a(i)} ∈ U
}
in H. We define the mapping ϕU : H → H such that ϕU (a˜)= b˜ if ϕ(a)∈ b˜ for
some a∈ a˜. Let us note, that because we consider structures with equality, for
each f1, f2 ∈F the set{
i
∣∣ (f1(i) = f2(i)) 6≡ (ϕ(f1)(i) = ϕ(f2)(i))}
is finite. So
H  f˜1 = f˜2 ⇔ H  ϕ˜(f1) = ϕ˜(f2)
and the mapping ϕU is a well-defined permutation of H (by ϕ˜(a) we denote the
equivalence class of ϕ(a)).
Because {
i
∣∣ P (f(i))} ∈ U ⇔ {i ∣∣ P (ϕ (f) (i))} ∈ U
for every P ∈ S, the mapping ϕU preserves all relations from S and it is an auto-
morphism of the structure H. Because V ∈ U the mapping ϕU does not preserve
the relation R. Because H is elementary equivalent to M, this is impossible. This
contradiction proves the statement. 
We are going to prove now our version of the Svenonius theorem:
Theorem. (CH) Let S be a countable definability space on a universe A.
If every permutation on AN which almost preserves all relations from S almost
preserves the relation R, then R ∈ S.
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By Qσ where Q is a formula we denote the formula Q if σ = 1 and ¬Q if σ = 0.
We denote by Σ a set of names for all elements from S, by v – the corresponding
mapping, and by M – the structure 〈A,Σ ∪ {R}, v〉, and fix a numeration of all
elements of Σ: P1(x, y), P2(x, y), . . . .
The following lemma corresponds to the statement on ω1-saturation of ultrapow-
ers (e. g. [2]). At the same time it corresponds to the inductive step in our proof of
the Svenonius theorem.
Lemma 1. Let S be a countable definability space on a universe A, F = AN. If a
countable partial mapping
ϕ : F → F
almost preserves S, then for every g 6∈ Dom(ϕ) there exists such h ∈ F that
ϕ ∪ 〈g, h〉 almost preserves the definability space S.
Proof. Let us enumerate all elements of (countable) Dom(ϕ): f1, . . . , fn, . . . and
fix the numeration. For every k ∈ N and f = 〈f1, . . . , fl〉, ϕ(f)(k) denotes
〈ϕ(f1)(k), . . . , ϕ(fl)(k)〉.
Let g 6∈ Dom(ϕ) be given. For each P (x1, . . . , xl, y) ∈ Σ and k ∈ N we denote
by P (f(k), g(k)) the expression P (f1(k), . . . , fl(k), g(k)) (we use y instead of, for
example xl+1, for the convenience of our notations).
For each k ∈ N let us take σi,k = 1 if M  Pi(f(k), g(k)) and σi,k =0 if
M  ¬Pi(f(k), g(k)). We define m(k) as maximal element of the set{
m 6 k
∣∣∣∣∣ M  (∃y)
(
m∧
i=1
P
σi,k
i
(
ϕ
(
f
)
(k), y
))}
and m(k) = 0 if the set is empty. We define a function h : N→ A so that
M 
m(k)∧
i=1
P
σi,k
i
(
ϕ
(
f
)
(k), h(k)
)
if m(k)> 0, h(k) is an arbitrary element of A if m(k) = 0.
We need to show that{
i
∣∣ Pj(f(i), g(i)) 6≡ Pj(ϕ(f)(i), h(i))}
is finite for each Pj ∈ Σ. Consider all formulas
Qτ (x, y) =
j∧
i=1
P τii (x, y)
for all tuples τ = (τ1, . . . τj) ∈ {0, 1}
j. The mapping ϕ almost preserves all relations
(∃y)Qτ (x, y). So, there is such n0 that
(∃y)Qτ
(
f(i), y
)
≡ (∃y)Qτ
(
ϕ(f)(i), y
)
for every tuple τ and i >n0. If k >max {j, n0} then by definition of m(k) we have
m(k)>j so Pj
(
f(k), g(k)
)
≡ Pj
(
ϕ(f )(k), h(k)
)
. 
Proof of the theorem
We assume that R 6∈ S and will construct a permutation ϕ of F that almost
preserves all relations in S but does not almost preserve R.
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For f, g ∈ F we write f ≈ g when {i | f(i) 6= g(i)} is finite, by [f ] we denote the
corresponding equivalence class of f . Using CH we can order F as ω1. For each
ordinal α < ω1 we will construct such a partial bijection ϕα : F → F that
(i) Dom(ϕα) is countable
(ii) ϕα ⊆ ϕβ if α < β
(iii) if f ∈ Dom(ϕα)
then [f ] ⊆ Dom(ϕα) and ϕα([f ]) = [ϕα(f)]
(iv) ϕα almost preserves every relation from S.
Then we shall set ϕ =
⋃
α<ω1
ϕα.
α = 0. Let us note that
M  (∃a)(∃b)
((
R(a) 6≡ R(b)
)
∧
m∧
i=1
(
Pi(a) ≡ Pi(b)
))
for all m ∈ N. Otherwise
M  (∀a)(∀b)
(
m∧
i=1
(
Pi(a) ≡ Pi(b)
)
→
(
R(a) ≡ R(b)
))
for some m ∈ N, so, R(x) would be equivalent to a disjunction of finite number of
formulas
∧m
i=1 P
σi
i (x).
For each m ∈ N let a(m) and b(m) be tuples such that
(1) M 
((
R(a(m)) 6≡ R
(
b(m)
))
∧
m∧
i=1
(
Pi(a(m)) ≡ Pi
(
b(m)
)))
.
We define functions g1, . . . , gn, h1, . . . , hn ∈ F where n is the arity of R as
gt(i) = (a(i))t, ht(i) = (b(i))t,
and define ϕ0 so that ϕ0([gi]) = [hi] is an arbitrary bijection [gi]→ [hi] i = 1, . . . ,
n.
Let us remind, that we consider structures with equality, and (xi = xj) is Pk(x¯)
for some k. So gm ≈ gl ⇔ hm ≈ hl for all m, l and the definition of ϕ0 is correct.
So, the condition (iii) holds. Because [f ] is countable for every f, the condition
(i) holds. It is easy to see due to definition (1) that
M  Pi
(
g1(j), . . . , gn(j)
)
≡ Pi
(
ϕ0(g1)(j), . . . , ϕ0(gn)(j)
)
for all j > i, so the condition (iv) holds. We see also, that
(2) M  R
(
g1(j), . . . , gn(j)
)
6≡ R
(
ϕ0(g1)(j), . . . , ϕ0(gn)(j)
)
for all j. We shall have this condition for all ϕα, α > 0 .
We shell prove (ii) for all α < β and conclude that ϕ0 ⊂ ϕα for α > 0. So, we
shall have the statement (2) for all ϕα instead of ϕ0.
0 < α < ω1. Let us denote by ϕ
′ the countable mapping
⋃
β<α ϕβ and by g the
element of F with the index α. We shall define ϕα ⊃ ϕ
′.
Let us suppose that g 6∈ Dom(ϕ′). We use lemma 1 to find h ∈ F corresponding
to g. According to condition (iii) for β < α:
[g] ∩Dom(ϕ′) = ∅.
At the same time ϕ′ ∪ {〈g, h〉} almost preserves =, so
[h] ∩ Im(ϕ′) = ∅,
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and we can define ϕα(g) = h. Similarly we can define ϕ
−1
α (g) if g 6∈ Im(ϕ
′). We
extend now ϕα so that ϕα([g]) = [ϕα(g)] and ϕ
−1
α ([g]) = [ϕ
−1
α (g)], and we keep the
condition (iii) valid for ϕα. Other conditions are evident. ✷
Our proof of the theorem uses induction essentially. So, we do not know how to
prove it without CH.
5. Concluding remarks and open problems
If G is a group of permutations of a set A, then we say that G is closed if for
every g ∈ Sym(A), if for every tuple a ∈ A there is h ∈ G such that g(a) = h(a),
then g ∈ G.
It is well known (e. g. [4]) that for every definability space S the corresponding
groupGS is closed. On the other hand each closed subgroup of Sym(A) is the group
of all permutations, which preserve some definability space. With every subgroup
G of Sym(A) we can associate a countable canonical basis, i. e. for each n < ω and
each orbit of G in An we choose an n-ary relation. So the next statement holds:
Statement 2. [4] A subgroup G of the group Sym(A) is the group of automor-
phisms of some countable definability space iff G is closed.
In our theorem we consider the group Sym(F) and with each definability space
S we associate the subgroup G∗S ⊆ Sym(F) of permutations almost preserving
relations from S.
Question 1.
(i) Can we describe all subgroups of Sym(F) of the form G∗S?
(ii) Can we describe all subgroups of Sym(F) of form G∗S for definability spaces
S with finite basis? for decidable structures 〈A,Σ〉?
Our theorem states that R is not definable in S if there is no permutation
ϕ ∈ Sym(F) that almost preserves S but not R. But the group Sym(F) is too big.
Can we limit our search of ϕ with a ”natural” smaller subgroup of Sym(F)?
Question 2. Is there any ”natural” subgroup
H ⊂ Sym(F),
that for any S1, S2
H ∩G∗S1 = H ∩G
∗
S2
⇔ S1 = S2 ?
From simple cardinality arguments we conclude that there is a subgroup
H ⊂ Sym(F), |H | = 2ℵ0
with the required property, but it is desirable to get an explicit description.
Remark. With a structure M = 〈A,Σ〉 we can associate a Boolean-valued
structure
MΣ =
〈
B, 〈AN,Σ〉,Ψ
〉
such that
(1) B is a Boolean algebra 2N/ ≈, where the equivalence ≈ is defined as
A1 ≈ A2 ⇔
(
(A1 \A2) ∪ (A2 \A1) is finite
)
.
(2) Ψ is the operation which assigns to each formula Q(x1, . . . , xn) of Σ with free
variables among x1, . . . , xn a function A
n → B, with value at f1, . . . , fn denoted
by Ψ(Q(f1, . . . , fn)).
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(2.1) For a relation P ∈ Σ we set
Ψ(P (f1, . . . , fn)) = {i | P (f1(i), . . . , fn(i))}/ ≈;
Ψ(P ∨Q) = Ψ(P ) ∨Ψ(Q);
Ψ(¬P ) = −Ψ(P ) (the complement of Ψ(P ));
Ψ(∃xP (u, x)) =
∨
{Ψ(P (u, f)) | f ∈ F}.
Note, that the supremum exists.
It is easy to see that
Ψ(Q(f1, . . . , fn)) = {i | Q(f1(i), . . . , fn(i))}/ ≈
for every formulaQ in Σ, and every permutation ϕ of AN almost preserving relations
from Σ is an automorphism of MΣ. So our theorem may be reformulated in terms
of Boolean-valued structures as
Statement 3. (CH). LetM = 〈A,Σ∪{R}〉 be a countable structure. The following
conditions are equivalent:
(1) A relation R is definable in 〈A,Σ〉.
(2) Every automorphism of the structureMΣ is an automorphism of the structure
MΣ∪{R}.
Let us mention the paper [1] where Boolean-valued structures were used to de-
scribe first-order definability also:
Statement 4. [1]
Let T be any first order theory. There exists a Boolean valued structure M such
that
(i) M is a conservative model of T , in the sense that M  Φ iff T ⊢ Φ, for each
sentence Φ.
(ii) Any predicate which is invariant under all automorphisms of M is definable.
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